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Methodology: Active Symbolic Discovery of ODEs via Phase Portrait Sketching

Ordinary Differential Equations (ODEs) describe the evolution of dynamical systems in continuous time.          
The temporal evolution of the system is


                                for 


- Vector  is the time-dependent state variables;


- Function  can be a linear or nonlinear of variables  and coefficients ;

- Time derivatives of the state variables 

dxi

dt
= fi(x(t), c), i = 1,…, n,

x(t) = (x1(t), …, xn(t)) ∈ ℝn

fi x c
dxi /dt

Figure 1. The quality of predicted ODE from passively-learned baseline is 
heavily influenced by the collected training data while our APPS is not.

Implementation: https://github.com/jiangnanhugo/APPS-ODE

Email: jiang631@purdue.edu             
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(c) region  is selected to draw data other than region  for its higher informativeness.u2 u1
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(b) convert a sequence of rules into an ODE by context-free grammar: .ϕ = (x2, c1 sin(x1))

Input

Output

ϕ → A, B

Categorical distribution

(a) sample grammar rules sequentially from the decoder.

B → B × B B → const B → sin(x1)A → x2

B → B × B A → x2

Sequential decoder

Input embedding

multi-head attention

Linear layer

Softmax

ϕ → A, B ϕ → A, B × B ϕ → x2, B × B ϕ → x2, c1 × B ϕ → x2, c1 × sin(x1)
B → sin(x1)B → B × B A → x2 B → const

B → const
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Preliminaries

Experimental AnalysisThe GAP: model using pre-collected dataset are limited
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Symbolic Discovery of ODEs Given 

- A dataset , where each  is a ground-truth trajectory


- A set of mathematical operators 

Objective: predict the best symbolic form of ODE that attain minimum loss on the data:


    ,      where 


- Predicted trajectory ;


- Ground-truth trajectory ;


- Loss function  can be normalized mean squared error.

D = {τ1, …, τN} τi

{ + , − , × , ÷ ,sin, log…}

arg min
ϕ∈Π ∑

τ∈D

k

∑
i=1

L(x(ti), x̂(ti)) x̂(ti) = x0 + ∫
ti

0
ϕ(x(t), c)dt

x0, x̂(t1), …, x̂(tk)
x0, x(t1), …, x(tk)

L

Motivation: How to actively query informative data for evaluating ODEs?

Butterfly Effect states small variations in initial conditions can lead to 
vastly different outcomes.
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The trajectory  is the sequence of state variables 
observed at discrete time , possibly with noise, starting at .

τ := (x0, x(t1), …, x(tk))
(t1, …, tk) x0
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Table 3: Our method shows a smaller 
ranking-based distance. Also APPS takes 
less memory consumption and less 
computational time.

Phase Portrait is a qualitative analysis tool for studying the behavior of 
dynamical systems.

- A curve is a short trajectory of the system over time from a given initial 
condition. 

- The arrow on the curve indicates the direction of change.
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