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Our Koco-SMC saves time by avoiding further assignments to the remaining variables! 

Solving Satisfiability Modulo Counting Exactly with Probabilistic Circuits

Execution steps of our Koco-SMC solvers:

1. Suggest a partial assignment for , e.g.,




2. Check the upper bound of the counting part:





3. Adds the negated clause  to formula  to avoid this 
assignment in the future. Return to step 1.

ϕ(x, b)
x1 = 𝚃𝚛𝚞𝚎

max
x2

∑
x3,x4

P(x1 = 𝚃𝚛𝚞𝚎, x2, x3, x4) = 0.1 < q .

¬x1 ϕ

Execution steps of baseline exact solvers:

1. Use an SAT solver to solve the Boolean SAT , e.g.,




2. infers the marginal probability:





3. Adds the negated clause  to formula  to 
omit this assignment in the future. Return to step 1.

ϕ(x, b)
x1 = x2 = b1 = 𝚃𝚛𝚞𝚎, x3 = x4 = b2 = 𝙵𝚊𝚕𝚜𝚎

∑
x3,x4

P(x1 = x2 = 𝚃𝚛𝚞𝚎, x3, x4) = 0.1 < q

¬(x1 ∧ x2 ∧ b1) ϕ
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Figure 2. Comparison of KOCO-SMC and approximate solvers on 
datasets partitioned by threshold values.
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Figure 3. The percentage of instances from the entire 
dataset solved within the time limit.

(c) Probabilistic circuit for stochastic events

For Route 1: 

For only one route: 

Ensure a valid route

Ensure sufficient connectivity

(b) SMC Formulation

<latexit sha1_base64="HtEqfLebuMcFFRZA/5yrXqxxBos="></latexit>

b1 ) x1 ^ x2

b2 ) x3 ^ x4

b1 � b2

For Route 2: 

For Route 1: 

For Route 2: 

(a) Pick Route 1 or Route 2?

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1 <latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

<latexit sha1_base64="XagbGvZVHDXAY1VPVi9HM7KQ0KA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxgHpAsYXYySYbMzC4zvWJY8gtePCji1R/y5t+4m+xBowUNRVU33V1BJIVF1/1yCkvLK6trxfXSxubW9k55d69pw9gw3mChDE07oJZLoXkDBUrejgynKpC8FYxvMr/1wI0Vob7HScR9RYdaDASjmEmPvdNSr1xxq+4M5C/xclKBHPVe+bPbD1msuEYmqbUdz43QT6hBwSSflrqx5RFlYzrknZRqqrj1k9mtU3KUKn0yCE1aGslM/TmRUGXtRAVpp6I4soteJv7ndWIcXPmJ0FGMXLP5okEsCYYke5z0heEM5SQllBmR3krYiBrKMI0nC8FbfPkvaZ5UvYvq+d1ZpXadx1GEAziEY/DgEmpwC3VoAIMRPMELvDrKeXbenPd5a8HJZ/bhF5yPb0cSjcA=</latexit>x3

<latexit sha1_base64="8UpoiBKDQy1ebImR6Sofwbp1N9s=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdGpgwO7uZmTWSDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLHS/VO30i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3UT6/q5Sq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBE3yNrQ==</latexit>x4
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SMC formula

, where ,ϕ(x, b) = (b1 ⊕ b2)

(a)

∧ (b1 ⇒ x1 ∧ x2)

(b)

∧ (b2 ⇒ x3 ∧ x4)

(c)

b1 ⇔ ∑
x3,x4

P(x1, x2, x3, x4) ≥ q

(d)

, b2 ⇔ ∑
x1,x2

P(x1, x2, x3, x4) ≥ q

(e)

Satisfiability Modulo Counting (SMC) formula: Given a formula  for Boolean constraints and two sets of 
weighted functions,  and , representing discrete probability distributions, the SMC problem is to 

determine if the following formula is satisfiable over Boolean variables  and : 

ϕ(x, b)
{fj}M

j=1 {gk}K
k=1

x b
ϕ(x, b), where bj ⇔ ∑yj

fj(x, yj) ≥ qj, or bj ⇔ ∑yj
fj(x, yj) ≥ ∑zk

gk(x, zk), for j = 1,...,M


